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1. INTRODUCTION: 

Robots are essential in human beings in every aspect of life.  It is replacing human work force to a huge extent. 

Every kind of industrial applications like production, packaging, logistics etc use the application of robot. So the robotics 

is one of the most emerging area in the research filed. The study of the analysis and mathematical modelling of the 

robotics is important. Application of mechanical, electrical, electronics, computer science engineering is seen almost 

equivalently [1-2] in the study of robotics. The inverse kinematics modelling is helpful to find out the end effector 

position with help of each link length and movement [2-4]. The forward kinematics modelling supports to extract each 

link movement with help of the end effector position and each link length [1, 4-5]. The mathematical equations for the 

higher degree of freedom system is too much complicated that it is not possible to find out the mathematical equation 

by simple algebraic method. The DH matrix is essential for higher order system to find out the inverse and forward 

kinematics modelling [5-6]. These modelling of the serial manipulator can help the idea of the parallel manipulator [7-

8] with higher degree of freedom [9-10].  The modern controllers [11-12] will be helpful to control the precise motion 

of these type of systems. The mathematical modelling will be helpful to get the prior knowledge before real-time 

experimental works. In this research work, the basic of the 3R planner serial robot has been discussed in the next section. 

The mathematical modelling of forward and inverse kinematics for 3R serial manipulator have been formulated step by 

step in the section 3. The different set of values extracted from the inverse and forward kinematics have been tabulated 

in the section 4. Theses set of values can be used in future for the prediction purpose by ANN methodology [13-15].      
 

2. 3R planner robot: 

3R Planner manipulator is called 3R because it has 3 revolving links. It has only rotary motion and no linear 

motions. It is called planner because its motion occurs only in 1 plane.  This is a typical manipulator which is the 

precursors of all types of manipulators. The Fig. 1 depicts the 3R planner manipulator with link length 𝑙1, 𝑙2 and 𝑙3 of 

link 1, 2 and 3 respectively and 𝜃1, 𝜃2 and 𝜃3 are angle of 𝑙1 w.r.t X-axis, 𝑙2 w.r.t  𝑙1 and 𝑙3 w.r.t to 𝑙2 respectively.   The 

end effector position have been taken here as X, Y and 𝜑  

                                                where 𝜑 = 𝜃1 + 𝜃2 + 𝜃3                                                                                              (2.1) 

 X  and Y are the coordinate in x and y axis respectively.    
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Figure 1. 3R serial  planner manipulator.  

 
3. Mathematical Modelling of Forward and Inverse Kinematics of 3R planner robot 

Forward Kinematics 

In forward kinematic analysis, the angular positions of the links 𝜃1, 𝜃2 and 𝜃3 are given and the position of the 

end effector (X,Y) have to be found out. The X & Y-coordinate of the end effector is basically the summation of the X 

& Y-coordinates of the individual links, hence 

 

                                                                                𝑋 = 𝑋𝑙1
+ 𝑋𝑙2

+ 𝑋𝑙3
                                                                                         

(2.2) 

Now from the Fig.1 it can be written that 

                    𝑋𝑙1
= 𝑙1𝑐𝑜𝑠𝜃1 = 𝑙1𝐶1                                                                (2.3a) 

                   𝑋𝑙2
= 𝑙2 cos(𝜃1 + 𝜃2) = 𝑙2𝐶12                                                 (2.3b) 

                                                                                        𝑋𝑙3
= 𝑙3 cos(𝜃1 + 𝜃2 + 𝜃3) = 𝑙3𝐶123                              (2.3c) 

 

Similarly,      𝑌 = 𝑌𝑙1
+ 𝑌𝑙2

+ 𝑌𝑙3
                                                                       (2.4 ) 

                      𝑌𝑙1
= 𝑙1𝑠𝑖𝑛𝜃1 = 𝑙1𝑆1                                                                   (2.5a) 

      𝑌𝑙2
= 𝑙2 sin(𝜃1 + 𝜃2) = 𝑙2𝑆12                                                     (2.5b) 

𝑌𝑙3
= 𝑙3 sin(𝜃1 + 𝜃2 + 𝜃3) = 𝑙3𝑆123                                          (2.5c) 

                      

So it can  be written from (2.2, 2.3a-c) and (2.4, 2.5a-c 

                                                                                        𝑋 = 𝑙1𝐶1 + 𝑙2𝐶12 + 𝑙3𝐶123                                     (2.6a)

  

      𝑌 = 𝑙1𝑆1 + 𝑙2𝑆12 + 𝑙3𝑆123                                               ( 2.6b) 

 

The end effector position can be extracted by using (2.6a) and (2.6b) which are forward kinematics equations.  

 

Inverse Kinematics: 

In inverse kinematics, the position of the end effector (X, Y) are given and 𝜃1, 𝜃2 and 𝜃3 have to be found out. 

Now the forward kinematic equations (2.6a) and (2.6b) can be rewritten as  
𝑋 − 𝑙3𝐶123 = 𝑙1𝐶1 + 𝑙2𝐶12 = 𝑚                                                                        (2.7a) 

     𝑌 − 𝑙3𝑆123 = 𝑙1𝑆1 + 𝑙2𝑆12 = 𝑛                                                             (2.7b) 

               

From (2.7a) and (2.7b), it can also be written that      

        𝑚2 + 𝑛2 = (𝑙1𝐶1 + 𝑙2𝐶12)2 + (𝑙1𝑆1 + 𝑙2𝑆12)2                                                      (2.8a) 

                            = 𝑙1
2 + 𝑙2

2 + 2𝑙1𝐶1𝑙2𝐶12 + 2𝑙1𝑆1𝑙2𝑆12                                                    (2.8b) 

[∵  𝐶1
2 + 𝑆1

2 = 𝑐𝑜𝑠2𝜃1 + 𝑠𝑖𝑛2𝜃2 = 1 𝑎𝑛𝑑 𝐶12
2 + 𝑆12

2 = 𝑐𝑜𝑠2(𝜃1 + 𝜃2) + 𝑠𝑖𝑛2(𝜃1 + 𝜃2) = 1]                                             (2.8c) 

                                                               𝑚2 + 𝑛2 = 𝑙1
2 + 𝑙2

2 + 2𝑙1𝑙2(𝐶1𝐶12 + 𝑆1𝑆12)                                                       (2.9a) 

           = 𝑙1
2 + 𝑙2

2 + 2𝑙1𝑙2[𝑐𝑜𝑠𝜃1 cos(𝜃1 + 𝜃2) + 𝑠𝑖𝑛𝜃1 sin(𝜃1 + 𝜃2)]                                (2.9b) 

                     = 𝑙1
2 + 𝑙2

2 + 2𝑙1𝑙2 cos(𝜃1 − 𝜃2 − 𝜃1)                                                            (2.9c) 

                             = 𝑙1
2 + 𝑙2

2 + 2𝑙1𝑙2cos𝜃2                                                                                    (2.9d) 

Hence using (2.9d)      𝑐𝑜𝑠𝜃2 =
𝑚2+𝑛2−𝑙1

2−𝑙2
2

2𝑙1𝑙2
                                                                                        (2.10a) 
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     𝜃2 = cos−1 𝑚2+𝑛2−𝑙1
2−𝑙2

2

2𝑙1𝑙2
                            (2.10b) 

 

Now,      𝐶12 = 𝐶1𝐶2 + 𝑆1𝑆2                                                                                         (2.11a) 

So it can be written with help of (2.7a) and (2.11a) that 

     𝑚 = 𝑙1𝐶1 + 𝑙2(𝐶1𝐶2 + 𝑆1𝑆2)                                                                          (2.11b) 

          = 𝐶1(𝑙1 + 𝑙2𝐶2) − 𝑙2𝑆1𝑆2                            (2.11c) 

Again,     𝑆12 = 𝑆1𝐶2 + 𝐶1𝑆2                                                                                            (2.12a) 

So it can be written with help of (2.7b) and (2.12a) that 

       𝑛 = 𝑙1𝑆1 + 𝑙2(𝑆1𝐶2 + 𝐶1𝑆2)               (2.12b) 

           = 𝑆1(𝑙1 + 𝑙2𝐶2) + 𝑙2𝐶1𝑆2                  (2.12c) 

Now, by  (2.11𝑐) × (𝑙1 + 𝑙2𝐶2) + (2.12𝑐) × 𝑙2𝑆2 

     𝑚(𝑙1 + 𝑙2𝐶2) = 𝐶1(𝑙1 + 𝑙2𝐶2)2 − 𝑙2𝑆1𝑆2(𝑙1 + 𝑙2𝐶2) 

               +              𝑛𝑙2𝑆2 = 𝑙2𝑆1𝑆2(𝑙1 + 𝑙2𝐶2) + 𝐶1(𝑙2𝑆2)2 

     𝑚(𝑙1 + 𝑙2𝐶2) + 𝑛𝑙2𝑆2 = 𝐶1[(𝑙1 + 𝑙2𝐶2)2 + (𝑙2𝑆2)2]                               (2.13a) 

 

So,                  𝐶1 = 𝑐𝑜𝑠𝜃1 =
𝑚(𝑙1+𝑙2𝐶2)+𝑛𝑙2𝑆2

(𝑙1+𝑙2𝐶2)2+(𝑙2𝑆2)2                                                                     (2.13b) 

 

     𝜃1 = cos−1 𝑚(𝑙1+𝑙2𝐶2)+𝑛𝑙2𝑆2

(𝑙1+𝑙2𝐶2)2+(𝑙2𝑆2)2                             (2.13c) 

 

Hence using  (2.1), (2.10b) and (2.13c) the value of 𝜃3 can be extracted as  

      𝜃3 = 𝜑 − 𝜃1 − 𝜃2                                                   (2.14)  

The angular movement of each link length can be found out by using (2.10b), (2.13c) and (2.14) which are inverse 

kinematics equations.  

 

4. RESULTS AND DISCUSSION: 

4.1. Set of Data extracted from the forward kinematics mathematical modelling:  

Now the data collecting from equation (2.6a) and (2.6b) for forward kinematics have been tabulated in Table1. 

In the Table 1, the given data are L1, L2, L3 and 𝜃1, 𝜃2, 𝜃3. The corresponding extracted values of X and Y have been 

tabulated with help of forward kinematic modelling established by (2.6a) and (2.6b).  

Table:1 Set of data extracted from forward kinematics mathematical modelling 

  
Sl 

No 

L1 

(cm) 

L2 

(cm) 

L3 

(cm) 

𝜃1  

(degree) 

𝜃2  

(degree) 

𝜃3  

(degree) 

X 

(cm) 

Y 

(cm) 

1 8 5 3 5 4 3 15.84244 2.103153 

2 8 5 3 10 8 6 15.37438 4.15448 

3 8 5 3 15 12 9 14.60949 6.103861 

4 8 5 3 20 16 12 13.57002 7.904522 

5 8 5 3 25 20 15 12.28600 9.514556 

6 8 5 3 30 24 18 10.79418 10.89825 

7 8 5 3 35 28 21 9.136754 12.02721 

8 8 5 3 40 32 24 7.359855 12.88115 

9 8 5 3 45 36 27 5.511976 13.44847 

10 8 5 3 50 40 30 3.642301 13.72643 

11 8 5 3 55 44 33 1.799047 13.72109 

12 10 8 6 60 48 36 -2.326240 19.79542 

13 10 8 6 65 52 39 -4.887010 18.63155 

14 10 8 6 70 56 42 -7.150970 17.11653 

15 10 8 6 75 60 45 -9.06866 15.31611 

16 10 8 6 80 64 48 -10.6045 13.30289 

17 10 8 6 85 68 51 -11.7378 11.15345 
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18 10 8 6 90 72 54 -12.4626 8.945424 

19 10 8 6 95 76 57 -12.7878 6.754554 

20 10 8 6 100 80 60 -12.7365 4.651925 

21 10 8 6 105 84 63 -12.3438 2.701443 

22 10 8 6 110 88 66 -11.6558 0.957659 

23 15 10 8 115 92 69 -14.4131 1.098537 

24 15 10 8 120 96 72 -13.118 -0.49592 

25 15 10 8 125 100 75 -11.6747 -1.71199 

26 15 10 8 130 104 78 -10.1666 -2.54466 

27 15 10 8 135 108 81 -8.67437 -3.00575 

28 15 10 8 140 112 84 -7.27247 -3.12264 

29 15 10 8 145 116 87 -6.02644 -2.93653 

30 15 10 8 150 120 90 -4.99038 -2.5000 

31 15 10 8 155 124 93 -4.20509 -1.87432 

32 15 10 8 160 128 96 -3.69686 -1.12637 

33 15 10 8 165 132 99 -3.47685 -0.3255 

34 18 15 12 170 136 102 -0.88019 -0.09185 

35 18 15 12 175 140 105 -1.3249 1.354507 

36 18 15 12 180 144 108 -2.15654 2.595899 

37 18 15 12 185 148 111 -3.31207 3.555602 

38 18 15 12 190 152 114 -4.71503 4.173341 

39 18 15 12 195 156 117 -6.27954 4.407418 

40 18 15 12 200 160 120 -7.91447 4.235942 

41 25 20 19 185 148 111 -5.098696 7.637212 

42 25 20 19 190 152 114 -7.585104 8.3743716 

43 25 20 19 195 156 117 -10.26570 8.470908 

44 25 20 19 200 160 120 -12.99231 7.9039790 

45 25 20 19 205 164 123 -15.61740 6.6829844 

46 27 25 21 210 168 126 -16.59562 6.5689151 

47 27 25 21 215 172 129 -19.0263 4.4046682 

48 27 25 21 220 176 132 -20.99887 1.7055113 

49 27 25 21 225 180 135 -22.41421 -1.4142135 

50 27 25 21 230 184 138 -23.20173 -4.8239206 

 
4.2. Set of Data extracted from the inverse kinematics mathematical modelling:  

Now the data collecting from equations (2.10b), (2.13c) and (2.14) of inverse kinematics have been tabulated 

in Table2. In the Table 2, the given data are L1, L2, L3 and X and Y , the corresponding extracted value of 𝜃1, 𝜃2 and 

𝜃3 have been tabulated with help of inverse kinematic modelling established in (2.10b), (2.13c) and (2.14). 

 

Table:2 Set of data extracted from inverse kinematics mathematical modelling 

Sl 

No. 

X 

(cm) 

Y 

(cm) 

L1 

(cm) 

L2 

(cm) 

L3 

(cm) 

𝜃1  

(degree) 

𝜃2  

(degree) 

𝜃3 

(degree) 

1 15.84244 2.103153 8 5 3 5 4 3 

2 15.37438 4.15448 8 5 3 10 8 6 

3 14.60949 6.103861 8 5 3 15 12 9 
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4 13.57002 7.904522 8 5 3 20 16 12 

5 12.286 9.514556 8 5 3 25 20 15 

6 10.79418 10.89825 8 5 3 30 24 18 

7 9.136754 12.02721 8 5 3 35 28 21 

8 7.359855 12.88115 8 5 3 40 32 24 

9 5.511976 13.44847 8 5 3 45 36 27 

10 3.642301 13.72643 8 5 3 50 40 30 

11 1.799047 13.72109 8 5 3 55 44 33 

12 -2.32624 19.79542 10 8 6 60 48 36 

13 -4.88701 18.63155 10 8 6 65 52 39 

14 -7.15097 17.11653 10 8 6 70 56 42 

15 -9.06866 15.31611 10 8 6 75 60 45 

16 -10.6045 13.30289 10 8 6 80 64 48 

17 -11.7378 11.15345 10 8 6 85 68 51 

18 -12.4626 8.945424 10 8 6 90 72 54 

19 -12.7878 6.754554 10 8 6 95 76 57 

20 -12.7365 4.651925 10 8 6 100 80 60 

21 -12.3438 2.701443 10 8 6 105 84 63 

22 -11.6558 0.957659 10 8 6 110 88 66 

23 -14.4131 1.098537 15 10 8 115 92 69 

24 -13.118 -0.49592 15 10 8 120 96 72 

25 -11.6747 -1.71199 15 10 8 125 100 75 

26 -10.1666 -2.54466 15 10 8 130 104 78 

27 -8.67437 -3.00575 15 10 8 135 108 81 

28 -7.27247 -3.12264 15 10 8 140 112 84 

29 -6.02644 -2.93653 15 10 8 145 116 87 

30 -4.99038 -2.5000 15 10 8 150 120 90 

31 -4.20509 -1.87432 15 10 8 155 124 93 

32 -3.69686 -1.12637 15 10 8 160 128 96 

33 -3.47685 -0.3255 15 10 8 165 132 99 

34 -0.88019 -0.09185 18 15 12 170 136 102 

35 -1.3249 1.354507 18 15 12 175 140 105 

36 -2.15654 2.595899 18 15 12 180 144 108 

37 -3.31207 3.555602 18 15 12 185 148 111 

38 -4.71503 4.173341 18 15 12 190 152 114 

39 -6.27954 4.407418 18 15 12 195 156 117 

40 -7.91447 4.235942 18 15 12 200 160 120 

41 0.874346 -26.9842 25 20 19 280 224 168 

42 4.021669 -26.2363 25 20 19 285 228 171 

43 6.886737 -25.04 25 20 19 290 232 174 

44 9.396494 -23.4793 25 20 19 295 236 177 

45 11.5000 -21.6506 25 20 19 300 240 180 

46 11.33545 -21.6618 27 25 21 305 244 183 

47 12.76331 -19.8672 27 25 21 310 248 186 

48 13.80608 -18.0982 27 25 21 315 252 189 
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49 14.50952 -16.4439 27 25 21 320 256 192 

50 14.93944 -14.9777 27 25 21 325 260 195 

 
Theses set of values in Tables 1 and 2 can be used in future for the prediction purpose by ANN methodology [13-15].     

 
5. CONCLUSION: 

The inverse and forward kinematics mathematical modelling of 3R serial manipulator have been formulated in 

this present study. The mathematical expressions help to find out the corresponding output values which have been 

tabulated in this paper work. The tabulated data set will help to predict the kinematics modelling of 3R robot. The testing 

and validation data of the prediction process can be taken from the tables. The prediction process ANN can be used in 

further for the modelling of higher degree of freedom robotic system.  
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