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Abstract: Integral Transform is a mathematical operator that transform a function from one space to another

space via integration. It is a powerful mathematical tool with a range of applications across various fields. It
transforms very complicated differential equation into simpler ones. There are so many integral transforms and
each have special contribution in application field. We have reviewed various types of integral transform which
are available in the literature and see that Mellin and Stieltjes transform have special efforts to solving difficult
problems in science and engineering. So, we have tried to form a new integral transform that is Mellin-Stieltjes
transform in the distributional sense. Present paper gives the generalization of Mellin-Stieltjes Transform in the
distributional sense. We first define definition of generalized Mellin-Stieltjes Transform, also define some testing
function space. The main purpose of this paper is to prove the Analyticity theorem by keeping some parameters
fixed.

Key Words: Mellin Transform, Stieltjes Transform, Mellin-Stieltjes Transform, Generalized function, Testing
function space.
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1. INTRODUCTION:

Integral transforms have a wide range of applications in every field of mathematics, engineering, and physics.
There are so many integral transforms in the literature, and each has special importance. Mellin transformation has been
applied in many different areas of Physics and Engineering. Maybe the most famous application is the computation of
the solution of a potential problem in a wedge-shaped region. They are particularly useful in solving complex differential
equations, analyzing asymptotic behaviors, and in the field of signal processing. Understanding Mellin transforms is
crucial for engineering students as it provides deeper insight into the behavior of functions and their transformations,
which is essential for advanced study and practical applications. [1]. The Mellin transform is named after Finnish
mathematician Hjalmar Mellin, who introduced it in 1897. This transform is particularly useful in number theory,
mathematical statistics, and the theory of asymptotic expansion. In the study of integral transforms, the Mellin transform
has a direct technique for classical boundary and initial value problems. Mellin's name is in honor of R.H. Mellin (1854-
1933). Riemann was the first to introduce the Mellin transform, and its explicit formulation was given by Cohen. Mellin
transform is used for solving Cauchy’s linear differential equation. [2].

Stieltjes transform is also a very useful integral transform. Stieltjes transform is a generalization of the Riemann
integral that allows for integration with respect to a function of bounded variation, finding applications in probability,
functional analysis. The Stieltjes integral transform, also known as the Laplace-Stieltjes transform, is named
after Thomas Joannes Stieltjes, a Dutch mathematician who made significant contributions to the field of moment
problems and continued fractions [3]. Due to the wide range of application of these two integral transforms we combine
these transforms with the help of its kernel and form Mellin-stieltjes transform. We will examine all the properties
satisfied or not by this newly integral transform. In this paper Mellin-Stieltjes transform is developed in the distributional
generalized sense. For the generalization of this integral transform testing function spaces are very mandatory so, we
defined testing function spaces in section 3, In section 4, the definition of distributional Mellin-Stieltjes transform is
given. In section 5, Analyticity Theorem is proved. Lastly conclusions are given in section 6. Notation and terminologies
are as per Zemanian [4] [5].
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2. DEFINITION: The conventional Mellin-Stieltjes transform is defined as
MS { f (t, x)} = F(s,y):H f(t,x) K(t, x) dt dx

00
where, K(t, x)=t""(x+y)™"

3. TESTING FUNCTION SPACES:
3.1 The space MS,, :

Let I be the open set in R, X R, and E, denotes the class of infinitely differentiable function defined on I then the
space MS is given by,

Msa :{¢: ¢ € E+ /7b,c,p,l,q [¢(t! X)]
= sup |, (O™ (L+)° D! (D) ¢(t, )|

<C,A"p™}, where p=1,2,3,...
where the constant A and C;, depends on the testing function ¢ (¢, x).
1 = {t'b 0<t<1
be ™ l¢e 1<t<o
3.2 The space MS,:

Let I be the open setin R, X R, and E, denotes the class of infinitely differentiable function defined on I then the
space MSﬂ is given by ,

Msﬁ' :{¢: ¢ € E+ /‘/:gb,c,p,l,q[¢(t’ X)]
= sup|A, (01" (1+)° D} (D,)* (1, X)

<C,B'N"}, wherel=123,...
where the constant B and C,, depends on the testing function ¢ (t, x).
3.3 The space MS” :

Let I be the open set in R, X R, and E, denotes the class of infinitely differentiable function defined on I then the
space MS? is given by,

Mszf :{¢: ¢ € E+ /pb,c,p,l,q[¢(t1 X)]
= P |, (O 1+ X) D (XD,)" (t, )

< CA°p™B'l'}, where p,1=1,2,3,...
where the constant A B and C depends on the testing function ¢(t, x).

4. DISTRIBUTIONAL MELLIN-STIELTJES TRANSFORM :
For f (t,x)eMsz where MS, is the dual space of MS,. It contains all distributions of compact support and let

¢(t,x) e MS,,.
Then the distributional Mellin-Stieltjes transform F (s, y) is defined as,
MS{f(t, )} = F(s,y)= (f(t.x) , t7(x+y) "), (4.1)

where for each fixed t (0 <t <o) and x (0 <x <) ,s>0,p >0 the right hand side of above equation (4.1)
has a sense as an application of f(t,x) e MS}, to t5~1(x + y)™P € MS,,.

5. ANALYTICITY OF DISTRIBUTIONAL MELLIN-STIELTJES TRANSFORM:
5.1 Theorem

Let f(t,x) e MS, and its Mellin-Stieltjes transform F (s, y) is defined as,
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MS{F(t, )} = F(s,y)= (f(t.x) , t7(x+y)")
then F(s, y) is analytic for some fixed s >0and y >0 and

i) D.F(s,y)= <f(t,x) , %t“(x+y)p>

ii) D,F(s.y) = <f(t,x) , %ts—l(x+y)—p>

Proof: i) Let s and y be an arbitrary but fixed. Choose the real positive numbers a, , b; and r
such that o, <a, <Res—r <Res+r<b <o,.

Also let As be a complex increment such that, 0<|As|<r

For As#0
Consider,
F(S+AS,Y)—F(S,Y) <f(t X) ts_l(X-I-y) >
AS
= iTT f (t, X)t(S*AS)’l (x+ y)*P dt dx —i“‘ f (t, X)ts—l (X+ y)*P dtdx _< f (t , X),ﬁtsfl(XJr y)p>
ASs Asy g 0s
1 o0

S

- ﬁf(t X)L 5 (x+ y) P dtdx — <f(t,x),%t“(x+y)p>

f(t X) [t(s+As) -1 ts 1](X+Ay) P >_ <f(t,X),%t51(X+y)p>

p
f(t X) [t(s+As) -1 ts—l] (X+ y) aits_l(x—i_ y)—p >

As
= <f(t,X) ) l//As>

-P
:[t(s+As)—l _ts—l] (X "'A)S/) _%ts—l(x + y)—p

Toprove y,(t,X) € MS, we shall show that as [As| — 0, y,(t, X) converges to zero in MS, .

Let C denotes the circle with center at s and radius r; where 0 < r < r; < min(s — a,, by — 5).
We may interchange differentiation on s with differentiation on t and by using Cauchy’s integral formula.

D) vt x) = TN 1 ps s A1yt p(s — 1) t4] =L p(s — 1)t (x + y)
AS oS

where, v,

Where P(s+As—I) is polynomial in (s + As — ) and P(s — [) is polynomial in (s — [)
Now by applying Cauchy’s integral formula,
(D) v (£, %)

_ (x+y)”{iJ~P(z—l)tz'l dz_ijp(z—l)tzf'fldz}_ J-P(z '
27i

As 27i g Z2—(s+As) 2ri  z-s (z-s)?

(x+y)?" dz}

:(X-l-y)_p J-{ 1 B 1 i|P(Z—|)tZI1dz_(x+y_)_pIP(Z_I)tZ_I_l i
z—( z-5

27iAs L| z—(s+As) 27i 2 (z-s)
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e T s o g (0 REE
27iAs | (z—s—As)(z-5) 27i 2 (z-s)
:(X“’_)pj_ ! o1 Z}P(z—l)t“ldz
2zt L (z=s—=As)(z-s) (z-9)
_(xey)” 8 p-ntd
271 2 (z—s—As)(z-5s)
(XY A L Pt
27i 2 (z—s—As)(z-s)
Now,
D00 1) = PP ey [ FE e

_AsP(—p—q)(X+y)‘p“‘x“j P(z-It""
B 27i 2(z-s-As)(z-5s)°

Now forall zeC and O<t<oo, sup‘ﬂbic(t)tq”(ler)pP(—p—q)(x+y)‘p“‘xq‘ <K
Iy

8where K is constant independent of z and t.
Moreover, |[z—s—As|>r—-r>0 and |z-s|=r,
C, =max{‘P(z - I)tz"‘l‘:z eC}
Consequently,
SUP| 4, . ()t (L+X)” D! (XD,) . (¢, X)|
Il

sP(—p—q)(x+y) " x* ¢ P(z-1)t""* i
27 ¢(z—s-ns)(z-s)’

=sup|4, . ()t 1+ x)° A

Iy

P(z-1)t"|
pqxq‘|AS| ‘ z |z

<SUP|A, ()t A+ X)PP(-p—q)(x+Y) |z s—As||z- s|

Ih

As C,
K[ n e
As KC
K

Where C,=KC,
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C,

(n-r)(r)

The right-hand side is independent of t and converges to zero as |As| -0

<|As|

This shows that y/, (t,X) converges to zero in MS,, as [As|— 0

ii) Letsandy be an arbitrary but fixed. Choose the real positive number a, ,b, and h
such that o; <a,<Rey—h<Rey+h<b,<o,.
Also let Ay be a complex increment such that, 0<|Ay|<h

For Ay=0
We write,

F(S, y+AAy;_F(S’y)—<f(t,X),%ts1(X+Y)p>

= Aiy'(['([ f(t, )t (x+y+Ay) P dtdx _Aiyl»([f(t’x)t“(“y)p dt dx _<f(t’x)’%tsl(x+y)p>

1
Ay

Il
Oy 8

T f(t,)[(X+y+Ay) P —(x+y) "]t dtdx —< f(t, x),%ts‘l(x+ y)‘p>

f(t,x), [(X+y+AY)_"—(X+Y)_p]tAS;/ > - <f(t,X),%tH(X+ y)_p>

g
g

Ftx), [<x+y+Ay>-p—<x+y)-“]z_y —%t“(xw)‘p >
= (f(t.X), vy X))
where, v, (t,X) =[(x+y+Ay)" —(x+y)™" ]%—%t“(wr y)P

To prove y,, (t,X) € MS,, we shall show that as |Ay| — 0 , w, (t,X) converges to zero in MS,,.

To proceed, let C; denotes the circle with centre at y and radius h4,
where 0 < h < hy < min(y — ay, b, — y).
We may interchange differentiation on y with differentiation on x and by using Cauchy’s integral formula.

(XD,) 'y, (t.X) = X° Zy [P=p-a)(x+y+Ay) " —P(=p-a) (x+y) "]

0
_ vy tS—lp _n_ -p-q
X ~ (=p—-q)(x+Yy)

Where P(—p-—q) is polynomial in (—p — q) .
Now by applying Cauchy’s integral formula,
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(XD,) "y, (t.X)

_ et __JP(—p—q)(XH)"’"‘ dZ_L_IP(—p—q)(XH)*’*“ i _Xqﬁ_j P(—p—q)(xl—z)"’*qdz
Ay (2miz z=(y+Ay) 27l g z-y 271 ¢ (z-v)
qgss-1 [ N Qo5 o g
- L1 b pogxrgy - X (PR T,
2riAy ¢ 2—(y+Ay) z-Y | 27l ¢ (z-y)
qes-1 [ 7 a o g
XY p(pog(xr ) AL (PR T,
27idy e (z-y-Ay)(z-y) | 27i L (z-y)
x“ts‘1

! -P-q
27i ﬂ(z—y A z—-y) (z-V)? } (-p-q)(x+2z) """ dz

xitet Ay o

= P(-p-q)(x+2z) " "dz
2 Loy oy TP D6

_X ts_lAyI ! P(-p-0q)(x+2z) " "dz
271 L (z-y-Ay)(z-Y)?

Now,

Dtl (xD,)? Wy (t,x) :;A_;/i P(s—t" x i ig—_py__qi)(/))((_,z_ i);/); N

Now for all zeC, and 0<x<oo, sup‘iovc(t)tq+l(l+ x)pqu(s—I)ts"’l‘ <K
I

where K is constant independent of z.
Moreover, |z—s—As|>h—h>0 and |z-s|=h
C, =max{‘P(—p—q)(x+ z)“"“‘:z eCl}
Consequently,
SUP| 4, . ()t (L+X)” D! (xD,) w,, (t, )|
Il

Ay X P(s—l)ts"‘lj- (-p- q)(x+z) pqu

=sup|4, . ()t @1+x)° _
P, (1) 1+ X) Py Sy -m) (=)

Iy

‘|Ay| I\P -p-g (X+z)”\|O|Z|

< sup‘/ib Ot L+ x)PxT P(s—1) 7
¢ lz-y-ayllz-yf

Iyl C,
e rerrydis

|Ay| KC,
ey
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< |Ay|j C, |dz|
27 ¢ (h—h)(h,)’

Where C,=KC,

- 27 (h—h)(hy)

§|Ay|L

(h,—h)(h)

The right-hand side is independent of x and converges to zero as |Ay| — 0

5 2rh,

This shows that 1, (t, x) converges to zero in MS,, as |Ay| -0
Which ends the proof.

6. CONCLUSION:

In this paper we developed a new integral transform that is Mellin-Stieltjes transform which is generalized in
the distribution sense some testing functions are defined which are helpful to prove the analyticity theorem. The main
aim of this paper is to prove the analyticity theorem and prove that, Mellin-Stieltjes transform is also analytic which
will help to solve various types of differential equation.
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